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A novel multi-target modular probe for multiple Large-Volume 
Metrology systems 
Domenico Maisano1 and Luca Mastrogiacomo2 
1 domenico.maisano@polito.it    2 luca.mastrogiacomo@polito.it  
Politecnico di Torino, DIGEP (Department of Management and Production Engineering), 
Corso Duca degli Abruzzi 24, 10129, Torino (Italy) 
Abstract 
Recent studies show that the combined use of Large-Volume Metrology (LVM) systems (e.g., 
laser trackers, rotary-laser automatic theodolites (R-LATs), photogrammetric cameras, etc.) 
can lead to a systematic reduction in measurement uncertainty and a better exploitation of the 
available equipment. Unfortunately, the sensors of a specific LVM system are usually able to 
localize only specific targets (i.e., active/passive elements positioned in the measurement 
volume) and not necessarily those related to other systems (e.g., the reflective markers for 
photogrammetric cameras cannot be used for R-LATs or laser trackers); this represents an 
obstacle when using combinations of different LVM systems. 
This paper describes the design of a new modular probe, with different typologies of targets 
and integrated sensors, which allows to simplify the measurement process. The probe is 
versatile as the number of targets, their typology and spatial position can be customized 
depending on the combination of LVM systems in use. 
A detailed analysis of the technical and functional characteristics of the probe is followed by 
the presentation of a mathematical/statistical model for the real-time probe localization. 
Description is supported by realistic application examples. 
Keywords: Large-volume metrology, Distributed sensors, Multi-target probe, Modularity, 
6DOF probing, Probe-localization model. 
1. Introduction 
The field of Large-Volume Metrology (LVM) deals with objects with linear 
dimensions ranging from several meters to tens of meters (Estler et al., 2002; Peggs et 
al., 2009; Franceschini et al., 2011). Typical industrial applications concern 
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dimensional verification and assembly of large-sized mechanical components, in 
which levels of uncertainty of several tenths of millimetre are tolerated (Maropoulos et 
al., 2014). These applications are generally performed using technologically advanced 
LVM systems, which are very expensive and may require time consuming set-up and 
measurement operations (Franceschini and Maisano, 2014). 
LVM systems are usually equipped with sensors, which are able to perform local 
measurements of distances and/or angles. Depending on the sensor layout, LVM 
systems can be classified into: (i) centralized, if sensors are grouped into a unique 
stand-alone unit (e.g., a laser tracker), or (ii) distributed, if sensors are spread around 
the measurement volume (e.g., a set of rotary-laser automatic theodolites (R-LATs)). 
Even though the existing measuring systems may differ in technology and 
metrological characteristics, two common features are: (i) the use of ome targets to 
be localized, generally mounted on a hand-held probe for localizing the points of 
interest or in direct contact with the measured object’s surface, and (ii) the fact that 
target localization is performed using local measurements by sensors. 
For distributed LVM systems, sensors are arranged around the measured object and 
there are three possible approaches for target localization (Franceschini et al., 2011): 
• Multilateration, which uses the distances between targets and sensors; 
• Multiangulation, which uses the angles subtended by targets with respect to 
sensors; 
• Hybrid techniques, based on the combined use of angles and distances between 
targets and sensors. 
Although several types of LVM systems are (not rarely) available in the same 
industrial workshop or metrology laboratory, they are often used independently of 
each other (e.g., a laser tracker is used for certain tasks, a photogrammetric system for 
others, and so on). This is a rather myopic view because it ignores the benefits that 
may result from the combination of multiple systems, including but not limited to: (i) 
overcoming the limitations of the individual systems, (ii) improving measurement 
accuracy and coverage, and (iii) reducing the risk of measurement errors, due to 
measurement redundancy. 
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Franceschini et al. (2016) recently proposed a novel cooperative approach, in which a 
combination of LVM systems equipped with sensors of different nature – i.e., sensors 
based on different technologies and metrological characteristics, which are able to 
perform distance and/or angular measurements – share their measurement data and 
cooperate for determining a unique localization of the target. In other words, data 
provided by a number of sensors from different LVM systems are joined together and 
processed in order to localize the target. According to this philosophy, the set of 
multiple LVM systems (centralized and/or distributed) that are used in conjunction 
can be seen as a single distributed LVM “macro-system”, consisting of sensors of 
different nature, which are distributed around the measurement volume. 
The combined use of multiple LVM systems is allowed by an innovative mathematical 
model for target localization that can be adapted to a variety of practical contexts 
(Galetto et al., 2015; Franceschini et al., 2016; Maisano and Mastrogiacomo, 2016). A 
significant limitation of the above model is the assumption that the same target is 
simultaneously visible from sensors of different nature; in other words, it was assumed 
the existence of a “universal” target, compatible with any sensor, e.g., a target 
simultaneously visible from R-LATs, photogrammetric cameras, laser-trackers, etc.. 
Unfortunately, universal targets do not exist yet. Nevertheless, the above target-
localization model can be applied adopting the following method: (i) targets of 
different nature are in turn repositione  in the same point and (ii) (distance or angular) 
local measurements by the sensor(s) compatible with them are gradually collected. See 
the example in Fig. 1(a). 
This method has several weaknesses: 
1. Repositioning different targets in the same position can be difficult. E.g., a solution 
is to use spherical targets with identical diameter, positioned in turn on a sphere 
mount with fixed position (e.g., attached to the surface of the object to be 
measured). Unfortunately, constructing spherical targets is not feasible for some 
sensor typologies (e.g., specific targets for US transducers or R-LATs); 
additionally, attaching a sphere mount to the surface of the object to be measured is 
not very practical. 
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2. The collection of the sensor local measurements is made slower, as it is fragmented 
into multiple turns. 
3. The procedure is impracticable for dynamic measurements, in which targets are 
constantly moving and should be localized in real time. 
The goal of this paper is to describe a new modular probe equipped with targets of 
different nature and a tip in contact with the point of interest (P in Fig. 1), which 
allows the localization in a single turn (see Fig. 1(b)). In other words, this probe 
allows to implement the cooperative-fusion paradigm – according to which data from 
sensors with different technical and metrological characteristics are fused 
(Franceschini et al., 2016) – in a practical and efficient way.  
 
s13 s12 
S1 
s11 
S2 
s22 
target T1 
s21 
sphere mount in a fixed position 
s13 s12 
S1 
s11 s22 
target T1 
s21 
(a) multiple repositionings of targets (turn 1 of 2) 
(b) use of a multi-target probe 
target T2 
Key: 
 + point to be localized 
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(sij) j-th sensor of the i-th system 
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Fig. 1. Cooperative localization of the point P when using two targets (T1 and T2), which are visible 
from different sensors: (a) the two targets are in turn repositioned in the same point and the 
acquisition of the local measurements is broken into two turns; (b) a probe equipped with the two 
targets and a tip in contact with P allows to gather the sensor local measurements and to localize P 
in a single turn. 
The scientific literature – regarding both scientific articles and patents – includes 
probes that are able to achieve the above requirements only partially. For example, the 
probe equipping the Leica T-Probe incorporates an array of infrared light-emitting 
diodes (LEDs), clustered around a conventional retro-reflecting laser-tracker target 
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along with an extended stylus (Kyle, 2006; Peggs et al., 2009). The resulting six 
degrees of freedom (6DOF) probe is capable of measuring features that would 
otherwise be out of sight. A camera mounted on the tracker head and associated 
image-processing hardware and software can determine the three angular DOF of the 
probe by analysing the positions of the LED targets in the camera image. 
Unfortunately, this probe is rigid, since it has fixed geometry and number of targets, 
and is closely related to a specific LVM system, thus it is not adaptable to 
combinations of other LVM systems. 
The proposed modular probe overcomes the above limitations, thanks to several 
innovative features: 
• The number and typology of targets mounted on the probe can be varied depending 
on the specific application; 
• The geometry of the probe, i.e., the relative position between any target and the tip, 
can be varied depending on the specific application; 
• The (dis)assembly of several targets is quick and practical, thanks to the use of 
modules with quick coupling systems; 
• The probe can integrate other sensors that are able to provide additional data – e.g., 
inclinometer and compass. To avoid ambiguity, the LVM-systems’ sensors 
positioned around the measurement volume will be hereafter denominated as 
distributed, while those embedded in the probe as integrated. 
Modularity is a feature that characterizes the probes of some commercial LVM 
systems, e.g., the GOM’s 3D ATOS Digitizer or NDI’s ProCMM (GOM, 2016; NDI, 
2016), for which it is possible to vary the number and position of the probe targets, 
depending on the application. However, these probes are exclusively equipped with 
sensors of the same typology (e.g., reflective markers for photogrammetric cameras). 
An important innovation of the new probe is to extend the modularity feature to 
targets of different nature. 
After having described the probe in detail, this paper will also present a new 
mathematical/statistical model for the probe localization and estimate of the relevant 
uncertainty, which takes into account the following factors: 
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• Relative position between distributed sensors and probe targets. 
• Uncertainty in the position/orientation of any distributed sensor, which is generally 
determined through initial calibration process(es) (Bar-Shalom, et al., 2001). 
• Uncertainty in the local (distance and/or angular) measurements by distributed 
sensors, with respect to probe targets. 
• Number, typology and relative position of the probe targets (and corresponding 
uncertainty) with respect to the probe tip. 
• Angular measurements (and relevant uncertainty) provided by integrated sensors 
embedded in the probe. 
The remainder of this paper is organized into five sections. Sect. 2 describes in detail 
the technical and functional characteristics of the probe. Sect. 3 summarizes the 
mathematical/statistical model for the probe localization and estimate of the relevant 
uncertainty; detailed information on this model is contained in the appendix. Sect. 4 
exemplifies two of the possible probe configurations, applying the above probe-
localization model. Sect. 5 summarizes the original contributions of this paper, 
focusing on its practical implications, limitations and future developments. 
2.Technical and functional characteristics of the probe 
The probe has a modular structure. The main module, or primary module consists of a 
bar with a handle for the operator, two ends with several calibrated holes (in 
predefined positions), in which different types of secondary modules can be plugged 
in, and a power-supply and data-transmission system (see Fig. 2(1)). In the following 
list, we describe the different types of secondary modules: 
1. Sphere mount (e.g., with conical surface), where to put spherical targets (e.g., the 
reflective markers for photogrammetric cameras or the spherically mounted 
retroreflectors (SMRs) for laser trackers). Target locking can be performed using 
some magnets embedded in the mounts, assuming that targets are made of 
ferromagnetic metal. Mounts have a calibrated shaft, which can be plugged into the 
holes of the primary module or those of other secondary modules described at point 
(3). 
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2. Targets of different nature – such as those for R-LAT systems or ultrasonic (US) 
sensors – with a calibrated shaft, which can be plugged into the holes of the 
primary module or those of other secondary modules described at point (3). 
3. Variable-length extensions, to be interposed between the primary module and the 
elements described at points (1) and (2), so as to vary the distance/position between 
targets and primary module. 
4. Stylus with a tip in contact with the points of interest, which also includes a 
calibrated shaft that can be plugged into the holes of the primary module or those 
of other secondary modules described at point (3). 
An important requirement is that these secondary modules are coupled on the primary 
module or other modules, quickly, precisely and with a certain repeatability (e.g., 
consider a target plugged into an extension, which is in turn plugged into the primary 
module, in Fig. 2(3)). This requirement can be achieved by adopting different 
technical solutions, such as providing the calibrated holes and shafts with threads or 
adopting quick coupling systems with magnetic lock. The geometric characteristics of 
the parts coupled, calibrated shafts/holes especially, should be precise enough, so that 
(1) coaxiality is obtained and (2) the modules are in the correct relative positions when 
coupled. To facilitate the achievement of these requirements, secondary modules have 
cylindrical symmetry (Fig. 2(2)). 
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Fig. 2. Schematic representation of (1) the primary and (2) secondary module of the probe, and (3) 
example of coupling between them. Highlighted in grey the calibrated shafts/holes (i.e., the coupled 
elements) of the modules. The distances between the points indicated by the symbol “+” (in red) are 
supposed to be known, with some uncertainty. 
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In the representation in Fig. 2, specific reference points of the modules (e.g., points on 
the axis of calibrated holes/shafts and/or mating plane with other modules, centre of 
targets, etc.) are denoted by the symbol “+”. When two or more modules are coupled 
together, these points should be in the expected positions, with relatively small 
uncertainties, in the order of a few hundredths of a millimetre (i.e., about one to two 
orders of magnitude lower than the typical uncertainties on the spatial localization of 
the individual targets, for most of the LVM systems). Using relatively accurate 
instruments, such as Coordinate Measuring Machines (CMMs), the (primary and 
secondary) modules can be calibrated through a preliminary ad hoc calibration 
process. This also allow to estimate the repeatability of the coupling systems (e.g., in 
terms of uncertainty in the relative positions of the modules) and – for a specific probe 
configuration – to determine the relative positions (and relevant uncertainties) of 
targets with respect to the tip. 
In the example in Fig. 2(3), some modules (one primary module and three secondary 
ones: spherical target, extension and tip) are coupled together. Considering a 2D local 
Cartesian coordinate system (oPxPyP) centred in the probe tip and assuming that the 
geometry of the modules is known, the relative position of the centre of the spherical 
target with respect to the centre of the probe tip can be determined as xP = -d-e, 
yP = a+b+c. 
Focusing the attention on targets, some ones are passive (such as reflective markers 
and SMRs), while other ones active (such as arrays of LEDs, US transducers, and R-
LATs targets), because they require a suitable system for power-supply, data-
transmission and control. A practical solution is to connect the active targets to a 
power-supply/data-transmission/control unit1 on the primary module (see Fig. 2), 
using electrical contacts between the shafts/holes of the coupled modules. This unit 
should be in turn able to transmit/receive data from other external units (e.g., a central 
processing unit or some of the distributed sensors), in a wireless or wired manner. 
                                                 
1
 For simplicity, it will be hereafter referred to as “power-supply unit”. 
Page 10 of 53
Ac
ce
pte
d M
an
us
cri
pt
10 
 
The primary module has appropriate housings to lodge some integrated inertial 
sensors – such as inclinometer and/or compass – which should be also connected to 
the power-supply unit; since these integrated sensors exclusively estimate the probe 
orientation angles, it is not necessary that they have a precise position. 
The primary module is also equipped with a trigger for the acquisition of the point of 
interest: when the trigger is pressed, the probe tip is localized on the basis of the data 
collected by the probe targets/sensors at that time. 
For the purpose of example, Fig. 3 shows some pictures of a prototype that we are 
currently developing at the Politecnico di Torino – DIGEP. Structural elements (i.e., 
the “endoskeleton” of the primary module and shafts of secondary modules) are made 
of carbon fibre, since this material is relatively rigid, lightweight, and with a small 
thermal-expansion coefficient. The jack-based coupling system guarantees a relatively 
quick, precise and repeatable insertion of secondary modules into the primary one. 
Once the primary and secondary modules are assembled, the relative positions 
between the probe targets and tip can be measured using a standard CMM with a 
relevant uncertainty lower than of few hundredths of  millimetre. At this stage, a 
local Cartesian coordinate system (oPxPyPzP) – with origin (oP) in the probe tip, and yP 
and zP axes perpendicular to two reference planes on the surface of the primary 
module) – can also be defined (see Fig. 3(a)).  
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Fig. 3. Pictures of a prototype probe, which is still under development at Politecnico di Torino - 
DIGEP. In these pictures, the prototype is equipped with active photogrammetric targets only. 
3. Mathematical/statistical model for probe localization 
3.1 Main features of the model 
In general, each i-th LVM system (Si) includes a number of sensors; we 
conventionally indicate the generic j-th sensor of Si – or, for simplicity, the ij-th sensor 
– as sij (e.g., si1, si2, …, sij, …). The probe includes a number of targets of different 
nature and a tip, in contact with the points of interest on the surface of the measured 
object. Tk conventionally denotes a generic k-th target mounted on the probe2. 
Sensors can be classified in two typologies: 
1. distance sensors, which are able to measure their distance (dijk) from the k-th target; 
                                                 
2
 For simplicity, targets and sensors are considered as punctiform elements; this assumption is 
commonly adopted when dealing with LVM systems (Franceschini et al., 2011). 
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2. angular sensors, which are able to measure the azimuth (θijk) and elevation (ϕijk) 
angle subtended by the k-th target. 
The subscript “ijk” refers to the local measurements (of distances or angles) by the 
ij-th sensor with respect to the k-th probe target. It is worth remarking that each ij-th 
sensor is not necessarily able to perform local measurements with respect to each k-th 
probe target, for two basic reasons: 
• The communication range of the ij-th sensor should include the k-th target and 
there should be no interposed obstacle. For example, the communication range of a 
high-quality photogrammetric camera is approximately 6-8 m (Maisano and 
Mastrogiacomo, 2016). 
• Even if a k-th target is included in the communication range of the ij-th sensor, 
local measurements can be performed only if they are compatible; e.g., the R-LAT 
target is not compatible with a photogrammetric camera or a laser tracker. Also, 
some sensors (such as photogrammetric cameras, US or R-LAT sensors) can 
perform local measurements with respect to multiple targets, while other sensors 
(such as laser trackers/tracers) with respect to a single target at a time. 
In the case of compatibility between the ij-th sensor and the k-th target, we can define 
some (linearized) equations related to the local measurements: 
th target andsensor angular th an   torelated equations two
th target andsensor  distanceth an   torelatedequation  one
kij
kij
ang
ijk
ang
ijk
dist
ijk
dist
ijk
0BXA
0BXA
=−⋅
=−⋅
, (1) 
where X = [XP, YP, ZP, ωP, φP, κP]T is the (unknown) vector containing the spatial 
coordinates (XP, YP, ZP) of the centre of the probe tip (P) and the angles (ωP, φP, κP) of 
spatial orientation of the probe, referring to a global Cartesian coordinate system 
OXYZ. Matrices related to distance sensors are labelled with superscript “dist”, while 
those related to angular sensors with superscript “ang”. The matrices distijkA , 
dist
ijkB , 
ang
ijkA  and 
ang
ijkB  contain: 
• the position/orientation parameters (
ijijij
ZYX 000  , , , ωij, φij and κij) related to the ij-th 
sensor; 
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• the distance (dijk) and/or angles (θijk, ϕijk) subtended by the k-th target, with respect 
to a local Cartesian coordinate system oijxijyijzij of the ij-th sensor. 
Since the “true” values of the above parameters are never known exactly, they can be 
replaced with appropriate estimates, i.e., 
ijijij
ZˆYˆXˆ 000  , , , ijωˆ , ijˆφ , ijκˆ , resulting from 
initial calibration process(es), ijkdˆ  resulting from distance measurements, and ijkˆθ  and 
ijkϕˆ , resulting from angular measurements. For details on the construction of the 
above matrices, see the appendix. 
As already said, the probe can also be equipped with some integrated sensors – such 
as two-axis inclinometer and compass – which are able to perform angular 
measurements for estimating the spatial orientation of the probe, through the following 
linearized equations: 
0BXA =−⋅ intint  three equations related to three angular measurements. (2) 
Matrices Aint and Bint contain local measurements of three angles (ωI, φI, κI) depicting 
the orientation of the integrated sensors with respect to a ground-referenced coordinate 
system (xIyIzI). For details, see the appendix. 
The probe localization problem can therefore be formulated through the following 
linear model, which encapsulates the relationships in Eqs. 1 and 2: 
0
B
B
B
X
A
A
A
BXA =










−⋅










=−⋅
int
ang
dist
int
ang
dist
, (3) 
where blocks Adist, Aang, Bdist and Bang are defined as: 
distIijk
dist
ijk
dist
∈










=
M
M
AA , 
angIijk
ang
ijk
ang
∈










=
M
M
AA , 
distIijk
dist
ijk
dist
∈










=
M
M
BB , 
angIijk
ang
ijk
ang
∈










=
M
M
BB , 
Idist and Iang being the sets of index-pair values (ijk) relating to the ij-th 
distance/angular sensors seeing the k-th target. 
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We remark that all the equations of the system in Eq. 3 are referenced to a unique 
global Cartesian coordinate system, OXYZ. These equations therefore include the roto-
translation transformations to switch from other reference systems (e.g., the local 
reference system related to each distributed sensor, that one related to the probe, or the 
ground-referenced system of the integrated probe sensors) to OXYZ. For more 
information, see the appendix. 
The six unknown parameters in X can be determined solving the system in Eq. 3, 
which is generally overdefined, i.e., there are more equations than unknown 
parameters: one for each combination of ij-th distance sensor and k-th target, two for 
each combination of ij-th angular sensor and k-th target, and three for the integrated 
sensors (i.e., two for the two-axis inclinometer and one for the compass). 
The equations of the system may differently contribute to the uncertainty in the probe 
localization. Five important factors affecting this uncertainty are: 
1. Uncertainty in the position/orientation of distributed sensors (
ijijij
ZˆYˆXˆ 000  , , , ijωˆ , 
ij
ˆφ  and ijκˆ ), resulting from initial calibration process(es); 
2. Uncertainty in the local measurements ( ijkdˆ , ijkˆθ  and ijkϕˆ ) by the distributed 
sensors with respect to probe targets, which depends on their metrological 
characteristics; 
3. Relative position between each probe target (Tk) and each ij-th distributed sensor; 
e.g., for angular sensors, the uncertainty in target localization tends to increase 
proportionally to the distance between target and sensors (Maisano and 
Mastrogiacomo, 2016); 
4. Uncertainty in the relative position between the probe targets and the tip (P), 
which may depend on the accuracy of the manufacturing processes of the probe 
modules.   
5. Uncertainty in the angular measurements ( Iωˆ , Iˆφ  and Iκˆ ) by the probe’s 
integrated sensors, which depends on their metrological characteristics. 
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Consequently, it would be appropriate to solve the system in Eq. 3, giving greater 
weight to the equations producing less uncertainty and vice versa. To this purpose, a 
practical method is that of Generalized Least Squares (GLS) (Franceschini et al., 
2011; Kariya and Kurata, 2004), in which a weight matrix (W), which takes into 
account the uncertainty produced by the equations, is defined as: 
[ ] 1−⋅∑⋅= JJW ξT
,  (4) 
where J is the Jacobian matrix containing the partial derivatives of the elements in the 
first member of Eq. 3 (i.e., A·X – B) with respect to the parameters contained in the 
vector ξ, i.e., the position/orientation of distributed sensors, the local measurements by 
the distributed sensors available, the angular measurements by the integrated sensors, 
and the relative position of the probe targets with respect to the tip. For details, see the 
appendix. ξ∑  is the covariance matrix of ξ, which represents the variability of the 
parameters in ξ. 
The parameters in ξ∑  can be determined in several ways: (i) from manuals or 
technical documents relating to the distributed/integrated sensors in use, or (ii) 
estimated through ad hoc experimental tests. We remark that these parameters should 
reflect the measurement uncertainty of the elements of ξ, in realistic working 
conditions – e.g., in the presence of vibrations, light/temperature variations and other 
typical disturbance factors.  
By applying the GLS method to the system in Eq. 3, we obtain the final estimate of X 
as: 
( ) BWAAWAX ⋅⋅⋅⋅⋅= − TTˆ 1 .  (5) 
For further details on the GLS method, see (Kariya and Kurata, 2004). 
We remark that this probe-localization approach can be classified as cooperative 
fusion as it may fuse data from sensors with different technical and metrological 
characteristics (Franceschini et al., 2016). 
The metrological traceability of the probe localization, i.e., “the property of a 
measurement result (i.e., probe localization) whereby the result can be related to a 
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reference (i.e., a measurement unit of length) through a documented unbroken chain 
of calibrations, each contributing to the measurement uncertainty” (ISO/IEC Guide 
99:2007, 2007)), is ensured by the initial calibration process(es) to determine the 
spatial position/orientation of the distributed sensors and that to determine the relative 
position of the probe targets. In fact, these processes are generally based on the use of 
physical artefacts (such as calibrated bars with multiple reference positions) or 
measuring instruments (such as CMMs), which are traceable to the measurement unit 
of length (Peggs et al., 2009).  
3.2 Estimation of the measurement uncertainty 
The mathematical/statistical model shown in the previous section can also be used to 
estimate the uncertainty in the probe localization. For each localization, we can 
determine the covariance matrix ξ∑ , applying the Multivariate Law of Propagation of 
Uncertainty (MLPU) to the system of (linearized) equations in Eq. 3, referring to the 
parameters affected by uncertainty and contained in the vector ξ (Hall, 2004): 
( ) 1−⋅⋅=∑ AWAX T . (6) 
The resulting 6x6 matrix, containing the variances (in the diagonal) and covariances 
(off-diagonal) related to the six elements in X, is: 
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X . (7) 
The ΣX matrix will vary from point to point, depending on the position and orientation 
of the probe, the number and metrological characteristics of the distributed/integrated 
sensors, and the probe targets in use. It is worth remarking that the quality of estimates 
of the parameters contained in ΣX is closely related to the quality of estimates of the 
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parameters contained in Σξ; therefore, we reiterate that the latter parameters should 
reflect the measurement uncertainty the elements of ξ, in realistic working conditions.   
From the practical point of view, the most interesting part of the ΣX matrix is the top-
left 3x3 block, which depicts the variability in the PXˆ , PYˆ , PZˆ  estimates. On the 
other hand, the remainder of the matrix contains information on the variability related 
to the estimate of the probe orientation (ωP, φP and κP) and correlations between 
spatial coordinates and orientation angles. 
Returning to the top-left 3x3 block, the diagonal elements – i.e., 
PXσˆ , PYσˆ  and PZσˆ  – 
are respectively the combined standard uncertainties related to the estimates of XP, YP 
and ZP. The relevant expanded uncertainties – i.e., PXU , PYU  and PZU  – can be 
calculated as: 
PP
PP
PP
ZZ
YY
XX
ˆkkU
ˆkkU
ˆkkU
σ
σ
σ
⋅=∑⋅=
⋅=∑⋅=
⋅=∑⋅=
,33
,22
,11
X
X
X
, (8) 
where k is the coverage factor, generally fixed at k = 2, which means that, assuming a 
normal distribution of the estimates of XP, YP, ZP, the corresponding coverage 
probability is 95% (JCGM 100:2008, 2008). 
A synthetic estimate of the expanded measurement uncertainty related to the position 
of the probe tip, with a coverage factor k, can be obtained through the sum of squared 
uncertainties in Eq. 8: 
222222
PPPPPP ZYXZYXP
ˆˆˆkUUUU σσσ ++⋅=++= , (9) 
The uncertainties related to the positions of individual points can be used to determine 
those related to more complex datums, which are constructed using multiple points, 
e.g., distance between two points, centre and radius of a sphere, axis and radius of a 
cylinder, etc.. To this purpose, the typical least-square fitting techniques of Surface 
Metrology can be used (Whitehouse , 1994; Bosch, 1995). 
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An intuitive representation of the probe-tip localization uncertainty can be obtained 
through the so-called uncertainty ellipsoids, whose construction is based on the 
following steps: (i) diagonalization of the top-left 3x3 block of ΣX, (ii) determination 
of the principal axes (X’, Y’, Z’), and (iii) construction of a 3D ellipsoid with centroid 
in the point XP, YP, ZP, semi-axes oriented along X’, Y’, Z’, and proportional to the 
diagonal elements of the diagonalized matrix.  
For the purpose of example, Fig. 4 illustrates three ellipsoids related to three different 
localizations (A, B and C) of the probe in the measurement volume. These results are 
produced through simulated experiments, which consider a specific network of 
distributed sensors and a specific probe configuration. Since the distributed sensors 
and probe targets that are involved in each probe localization may change from case to 
case (e.g., depending on the relative position/orientation of the probe), the resulting 
uncertainty in the probe-localization may change from case to case too: e.g., it can be 
noticed that the uncertainty concerning the localization (A) is lower than that 
concerning (B) or (C). It is also clear that the uncertainty contribution related to three 
localizations are not necessarily isotropic with respect to the three spatial coordinates 
XP, YP, ZP (if so, each ellipsoid would degenerate into a sphere); in addition, the three 
resulting ellipsoids have different principal orientations (see Fig. 4), corresponding to 
the directions of their axes. This effect may be due to the non-uniform spatial 
distribution of the sensors positioned around the measurement volume (Maisano and 
Matrogiacomo, 2016). 
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Y X 
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Fig. 4. Representation of three uncertainty ellipsoids related to three different probe localizations 
(A, B and C) into the measurement volume. The segments culminating into the ellipsoids represent 
the probe orientations. 
4. Application examples 
The following subsections describe two probe configurations, based on different 
combinations of LVM systems, and exemplify the application of the probe-
localization model and relevant uncertainty estimation. 
4.1 First application example 
We consider a combination of two LVM systems (see Fig. 5): 
(S1) A distributed photogrammetric system consisting of two Hitachi Gigabit Ethernet 
photogrammetric infrared cameras (s11 and s12) – pixel resolution: 1360x1024, 
frame rate: 30 fps (Hitachi Kokusai Electric Inc., 2016) – using 38.1 mm 
reflective spherical targets. Each camera is able to provide the azimuth (θ11k and 
θ12k) and elevation (ϕ11k and ϕ12k) angular measurements with respect to the k-th 
target; 
(S2) A laser tracker API RadianTM (API, 2016) with a 38.1 mm SMR. S2 is equipped 
with an ADM (s21), providing distance measurements and an angular sensor (s22), 
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providing angular measurements of the k-th target. The local Cartesian coordinate 
systems of the two sensors are coincident. 
 
(Si)  i-th LVM system  
(sij) j-th sensor of the i-th system 
(oijxijyijzij) local coordinate system 
 photogrammetric cameras (from S1) 
 measurements by s11, s12 and s21, s22 
 
Key: 
s12 
x12 
y12 
o12 
z12 
S1 (photogrammetric cameras) 
s11 
x11 
y11 
o11 
z11 
global coordinate 
system 
Z 
X 
O 
S2 (laser tracker) 
s21   s22 
 
x21    x22 
 
o21   o22 
 
z21   z22 
 
y21   y22 
T4 
T2 
T1 
T3 
P 
point to be localized 
ZI 
YI 
XI 
earth-referenced 
coordinate system 
 
Fig. 5. Qualitative representation of the combination of two LVM systems used in the first 
application example. 
This combination of LVM systems can be interpreted as a single “macro-system” 
consisting of total four sensors, distributed around the measurement volume. The 
distributed-sensor positions/orientations and the respective uncertainties were 
determined through suitable calibration/alignment processes (see Tab. 1), referring to 
the global reference system OXYZ. 
Distributed sensor Description (a) Position [mm] (b) Orientation [degrees] 
ij
X0ˆ
 
ij
Y0ˆ
 
ij
Z0ˆ
 
st.dev.  ωij φ ij κ ij st.dev. 
From S1: s11 Photogrammetric camera 324 -156 2340 ≈0.01 5.23 3.11 28.53 ≈0.003 
s12 Photogrammetric camera 2214 -50 2126 ≈0.01 11.51 358.48 345.31 ≈0.003 
From S2: s21 ADM 1548 4568 1540 ≈0.01 356.78 6.28 195.54 ≈0.003 
s22 Angular encoder idem idem idem idem idem idem idem idem 
Tab. 1. Data concerning position/orientation and relevant uncertainty of the distributed sensors 
used in the first application example. 
The probe in use is equipped with: three reflective spherical markers (T1, T2 and T3), 
visible from the photogrammetric cameras, a SMR (T4) visible from the two laser-
tracker sensors, a tip (P), in contact with the objects to be measured, and two 
integrated sensors (compass and two-axis inclinometer). Fig. 6 contains a qualitative 
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representation of the probe, while Tab. 2 contains detailed information on its 
geometric and functional characteristics. 
In practice, an operator places the tip in contact with the point of interest (on the 
surface of the object to be measured) and pulls a trigger to command the acquisition of 
local measurements. Contact stability is certainly an important factor for localization 
accuracy: if the probe slightly moves during acquisition, the accuracy in its 
localization may deteriorate. However, this problem can be mitigated, adopting some 
practical solutions: 
• Synchronizing distributed sensors and targets, so that their local measurements are 
acquired at the same time or – at least – in a very small time window; 
• Ensuring that the sampling rate of local measurements is relatively high; 
• Training operators to hold the probe as stable as possible during local-measurement 
acquisition; 
• Implementing appropriate control systems to monitor the stability of the probe, 
e.g., real-time monitoring of the angular data from the probe’s integrated sensors. 
Regarding uncertainty modelling, it is important that the experimental measurements 
to estimate the uncertainty in the local (angular or distance) measurements are carried 
out under the usual measuring conditions – i.e. with an operator placing the probe in 
contact with points of interest and commanding the local-measurement acquisition. 
The relative position of each k-th target with respect to a reference system (oPxPyPzP) 
fixed in the probe tip is known (see Tab. 2). Assuming that the probe modules were 
constructed through relatively accurate manufacturing processes, the corresponding 
uncertainty is assumed to be in the order of magnitude of a few hundredths of mm. For 
simplicity, we consider the same uncertainty along the three spatial directions xP, yP 
and zP. 
Secondary module Description Relative position with respect to P [mm] 
  kxˆ  kyˆ  kzˆ  st. dev. 
T1 Reflective marker visible from s11 and s12 -100 -150 0 ≈0.001 
T2 Reflective marker visible from s11 and s12 -100 0 -150 ≈0.001 
T3 Reflective marker visible from s11 and s12 -300 150 0 ≈0.001 
T4 SMR visible from s21 and s22 -300 0 150 ≈0.001 
Tab. 2. Details on the geometric and functional characteristics of the probe, in the first application 
example. 
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For obvious reasons of compatibility, the reflective markers (T1, T2 and T3) are visible 
from the photogrammetric cameras (s11 and s12) only, while the SMR is visible from 
the laser tracker sensors (s21 and s22) only. The only sensor that is able to perform 
distance measurements is s21, while the other ones perform angular measurements. 
The dispersions related to the measurements of the four distributed sensors and two 
integrated sensors are supposed to be known and are related to their metrological 
characteristics. For simplicity, the standard deviations of homologous sensors are 
supposed to be equal (e.g., those related to the angular sensor of S1 are coincident: 
{ } { }3,12,1deg,01.0ˆˆ
11
∈∀∧∈∀≈= kj
jkjk ϕθ σσ ). 
Sensor Target(s) Distributed sensors Integrated sensors 
  ijkdˆ  [mm] st.dev. [mm] ijkˆθ  [deg] ijkϕˆ  [deg] st.dev. [deg] Iωˆ  [deg] Iˆφ  [deg] Iκˆ  [deg] st.dev. [deg] 
s11 T1 - - 129.56 -28.88 ≈0.003 - - - - 
idem T2 - - 124.92 -27.67 ≈0.003 - - - - 
idem T3 - - 124.94 -27.03 ≈0.003 - - - - 
s12 T1 - - 143.587 -27.376 ≈0.02 - - - - 
idem T2 - - 139.663 -27.5978 ≈0.02 - - - - 
idem T3 - - 134.663 -27.66 ≈0.02 - - - - 
s21 T4 2371.98 ≈0.012 - - - - - - - 
s22 T4 - - 225.707 -16.681 ≈0.001 - - - - 
sint N/A - - - - - 272.8 336.3 244.3 ≈0.1 
Tab. 3. Local measurements related to the (integrated and distributed) sensors used in the first 
application example. 
Fig. 6 contains a qualitative representation of the probe and its modules. As a curiosity, 
we notice that the two typologies of targets are both passive, therefore – differently 
from the integrated sensors (compass and inclinometer) – they should not be 
connected to the power-supply unit.  
 
T1 
T2 
T3 
T4 
oP 
xP 
yP 
zP 
integrated sensors 
tip 
power-supply cable 
 
Fig. 6. Qualitative representation of the probe used in the first application example. Although the 
two typologies of targets (i.e., reflective spherical markers and SMR) are both passive, the 
integrated sensors need to be power-supplied. 
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Considering the spatial position/orientation of the distributed sensors (in Tab. 2), their 
local measurements with respect to the probe targets and those by the integrated 
sensors (in Tab. 3), we can apply the probe-localization model, obtaining the 
following results: 
[ ]
mm0.32
mm104.8mm108.9mm102.4
mm108.9mm101.4mm101.2
mm102.4mm101.2mm107.3
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, (10) 
UP being the expanded measurement uncertainty related to the position of the probe 
tip, with a coverage probability of 95% (k = 2). 
Fig. 7 represents the resulting probe-tip localization and the relevant uncertainty 
ellipsoid. 
X 
Y 
Z 
 
Fig. 7. Uncertainty ellipsoid (with 95% confidence interval) related to the localization of the probe 
tip in the first application example. The segment culminating into the ellipsoid represents the probe 
orientation. 
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4.1 Second application example 
We consider a combination of the following two LVM systems (see Fig. 8): 
(S1) System consisting of three US sensors (s11, s12, s13) with Murata MA40S4R 
piezoelectric US transceivers. These distributed sensors are able to measure their 
distance from targets with homologous US transceivers. For details on these 
transceivers, see (Priyantha et al., 2005; Franceschini et al ., 2010). 
 (S2) System consisting of two R-LAT sensors (s11 and s12) of an iGPSTM (Maisano et 
al., 2008). These distributed sensors use rotating laser beams and infrared strobe 
lights to determine angle information to any k-th target simultaneously. Targets 
have photodiodes inside their modules that can sense the transmitted laser and 
infrared-light signals. 
 
S2 (R-LATs) 
Y 
s21 
x21 
y21 
z21 
x22 
y22 
z22 
s22 
s13 
z13 x13 
y13 
o13 
s12 
x12 
y12 
o12 
z12 
S1 (US sensors) 
s11 
x11 
y11 
o11 
z11 
global coordinate 
system 
Z 
X 
O 
(Si)  i-th LVM system  
(sij) j-th sensor of the i-th system 
(oijxijyijzij) local coordinate system 
 US sensors (from S1) 
 R-LATs (from S2)  
 measurements by s11, s12, s13 and s21, s22 
Key: 
T4 
T2 T1 
T3 
P 
o22 
o21 
point to be localized 
 
Fig. 8. Qualitative representation of the combination of two LVM systems used in the second 
application example. 
Thanks to suitable calibration/alignment process, we determined the 
position/orientation and relevant uncertainties of the five sensors, referring to the 
global reference system OXYZ (see Tab. 4). 
Distributed sensor Description (a) Position [mm] (b) Orientation [degrees] 
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ijX0
ˆ
 
ijY0
ˆ
 
ijZ0
ˆ
 
st.dev.  ωij φ ij κ ij st.dev. 
From S1: s11 US transceiver 352 -178 4040 ≈0.4 -0.1 0.00 182.43 ≈0.1 
s12 US transceiver 2218 -50 4052 ≈0.4 0.2 -0.1 179.11 ≈0.1 
s13 US transceiver 35 2252 4036 ≈0.4 0.3 0.2 185.86 ≈0.1 
From S2: s21 R-LAT 1228 -68 2126 ≈0.02 0.01 -0.08 177.73 ≈0.01 
s22 R-LAT 97 1147 2165 ≈0.02 -0.02 0.02 181.19 ≈0.01 
Tab. 4. Data concerning the position/orientation and relevant uncertainty of the distributed sensors 
used in the second application example. 
The probe in use is equipped with two US transceiver (T1 and T2) visible from the 
three US sensors, two targets (T3 and T4) visible from the two R-LATs, a tip in contac  
with the points to be localized, and two integrated sensors (compass and two-axis 
inclinometer), which are able to estimate the orientation of the probe with respect to an 
earth-referenced coordinate system XIYIZI (see Fig. 9). Tab. 5 contains detailed data 
related to geometric and functional characteristics of the probe. 
T3 
T1 
T2 
T4 
oP 
xP 
yP 
zP 
tip 
integrated sensors 
power-supply cable 
 
Fig. 9. Qualitative representation of the probe used in the second application example. T1 and T2 
are two targets that are able to communicate with the three US sensors (s11, s12 and s13), while T3 
and T4 are two targets that are able to communicate with the two R-LAT sensors (s21 and s22). 
 
Secondary module Description Relative position with respect to P [mm] 
  kxˆ  kyˆ  kzˆ  st. dev. 
T1 US transceiver visible from s11, s12 and s13 -100.0 -150.0 0.0 ≈0.01 
T2 US transceiver visible from s11, s12 and s13 -300.0 0.0 150.0 ≈0.01 
T3 Targets visible from the R-LATs s21 and s22 -100.0 0.0 -150.0 ≈0.01 
T4 Targets visible from the R-LATs s21 and s22 -300.0 150.0 0.0 ≈0.01 
Tab. 5. Details on the geometric and functional characteristics of the probe, in the second 
application example. 
For reasons of compatibility, targets T1 and T2 can be seen by the US distributed 
sensors (s11, s12 and s13) only, while targets T3 and T4 are visible from the R-LAT 
sensors (s21 and s22) only. 
The uncertainties related to the local measurements of the distributed/integrated 
sensors are supposed to be known. The corresponding standard deviations, which are 
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related to the metrological characteristics of the sensors, can be estimated using data 
collected in the calibration process. For simplicity, the standard deviations of 
homologous sensors are supposed coincident (see Tab. 6). 
The two types of targets in use, as well as the integrated sensors are active, therefore 
they have to be connected to the power-supply unit. 
Sensor Target(s) 
Distributed sensors Integrated sensors 
ijkdˆ  [mm] st.dev. [mm] ijkθˆ  [deg] ijkϕˆ  [deg] st.dev. [deg] Iωˆ  [deg] Iˆφ  [deg] Iκˆ  [deg] st.dev. [deg] 
s11 T1 3986.9 ≈0.4 N/A N/A N/A N/A N/A N/A N/A 
idem T2 3847.6 ≈0.4 N/A N/A N/A N/A N/A N/A N/A 
s12 T1 3808.7 ≈0.4 N/A N/A N/A N/A N/A N/A N/A 
Idem T2 3598.9 ≈0.4 N/A N/A N/A N/A N/A N/A N/A 
s13 T1 3437.1 ≈0.4 N/A N/A N/A N/A N/A N/A N/A 
Idem T2 3465.5 ≈0.4 N/A N/A N/A N/A N/A N/A N/A 
s21 T3 N/A N/A 73.23 -26.11 ≈0.01 N/A N/A N/A N/A 
Idem T4 N/A N/A 78.16 -27.23 ≈0.01 N/A N/A N/A N/A 
s22 T3 N/A N/A 49.45 -34.27 ≈0.01 N/A N/A N/A N/A 
Idem T4 N/A N/A 39.01 -32.48 ≈0.01 N/A N/A N/A N/A 
sint N/A N/A N/A N/A N/A N/A 325.0 97.0 143.0 ≈0.1 
Tab. 6. Local measurements related to the (integrated and distributed) sensors used in the second 
application example. 
Considering the spatial position/orientation of distributed sensors (in Tab. 5), their 
local measurements with respect to probe targets and those by the integrated sensors, 
we can apply the probe-localization model, obtaining the following results: 
[ ]
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, (11) 
UP being the expanded measurement uncertainty related to the position of the probe 
tip, with a coverage probability of 95% (k = 2). 
Fig. 10 depicts the resulting localization of the probe tip and the relevant uncertainty 
ellipsoid. The volume of this ellipsoid is considerably greater than that in the first 
example (in Fig. 7); the reason is that the measurement uncertainty is “inflated” by the 
presence of distributed US sensors, notoriously much less accurate than those related 
to other LVM systems. 
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Fig. 10. Uncertainty ellipsoid (with 95% confidence interval) related to the localization of the probe 
tip in the first application example. The segment culminating into the ellipsoid represents the probe 
orientation. 
6. Conclusions 
This document has described a new modular and multi-target probe for determining 
the spatial coordinates of the points in contact with the tip, when using combinations 
of different LVM systems. 
An important feature of the probe is that – depending on the LVM systems in use – it 
can be equipped with targets of different nature and additional sensors (such as two-
axis inclinometer and compass), which contribute to the probe localization. Also it can 
be easily customized through the use of calibrated extensions and quick coupling 
systems. 
Apart from the description of the technical and functional characteristics of the probe, 
a novel mathematical/statistical model for the real-time probe localization was 
presented. The model is efficient, as it is based on a system of linearized equations, 
and effective, as the equations are weighed with respect to their uncertainty 
contribution. 
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To improve the quality of the localization, it is important that all the parts of the probe, 
especially calibrated holes/shafts, have rather low uncertainties in the relative 
positions between targets and the tip (e.g., in the order of a few hundredths of 
millimetre). 
The use of the probe can be extended from the measurement process to the distributed-
sensor calibration process, which is generally based on repeated measurements of 
artefacts within the measurement volume (Peggs et al., 2009): thanks to its technical-
functional characteristics, the probe can be seen as a special artefact. The calibration 
process may also include multiple repositionings of the probe in reference positions on 
other calibrated artefacts; see for example, the reference positions on the calibrated bar 
in Fig. 11. Since probe targets are placed at known distances, it is possible to 
determine the unknown position/orientation of the distributed sensors and estimate the 
relative uncertainty. This type of procedure (that we plan to develop in the future) is 
known in the scientific literature as bundle adjustment (Peggs et al., 2009). 
 
calibrated bar 
d1 
calibrated mounts for the probe tip 
probe repositionings 
d2 d3 
A B C D 
 
Fig. 11. Example of simultaneous use of two calibrated artefacts in the calibration process: (1) 
probe equipped with tip/targets and integrated sensors and (2) calibrated bar with several mounts 
(A, B, C and D) at known distances (d1, d2 and d3). 
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Appendix  
Details on the mathematical/statistical model for probe localization  
This section presents a detailed description of the new model for the localization of the multi-
target probe, when adopting combinations of LVM systems.  
We consider a set of LVM systems (Si, being i = 1, 2, …), each of which is equipped with a 
number of sensors (sij, being j = 1, 2, …) positioned around the object to be measured, with a 
local Cartesian coordinate system (oijxijyijzij) roto-translated with respect to a global one (OXYZ, 
see Fig. A.1). The single LVM systems can be centralized or distributed: in the former case, 
sensors are rigidly connected to each other, while in the latter, they are not. 
x32 
y32 
s31 
S3 (centralized) 
o31 
z31 
s32 
z32 
x31 
y31 
T3 
T2 T1 
 
s11 
Y 
Z 
X 
O 
global coordinate 
system 
x11 
y11 
z11 
o11 
x12 
y12 
z12 
o12 
X 
 
y 
 1Z 
s12 
S1 (distributed) 
measured object 
(aircraft fuselage) 
DPU 
x21 
y21 
z21 
o21 
s21 
S2 (centralized) 
rigid constraint 
tip 
multi-target probe 
(Si)  i-th LVM system  
(sij) j-th sensor of the i-th system 
(oijxijyijzij) local coordinate system 
(Tk) k-th probe target 
 
Key: 
 
Fig. A.1. Schematic representation of the combination of three LVM systems: S1 is a distributed system with 
two sensors (s11 and s12), while S2 and S3 are two centralized systems with one sensor (s21) and two sensors (s31 
and s32) respectively. A multi-target probe is equipped with three targets (T1, T2 and T3), which can be seen 
only by those sensors compatible with them (e.g., T1 can be seen by s11 and s12, not by s21, s31 and s32). 
A general transformation between a local and the global coordinate system is: 










+


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
⋅=




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
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

ij
ij
ij
Z
Y
X
z
y
x
Z
Y
X
ij
ij
ij
0
0
0
ijR . (A1) 
Rij is a 3x3 rotation matrix, which elements are functions of three rotation parameters ωij, φij, κij: 
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









+−
−−+
−
=
ijijijijijijijijijijijij
ijijijijijijijijijijijij
ijijijijij
φωκφωκωκφωκω
φωκφωκωκφωκω
φκφκφ
coscossinsincoscossincossincossinsin
cossinsinsinsincoscoscossinsinsincos
sinsincoscoscos
ijR , (A2) 
where ωij represents a counterclockwise rotation around the xij axis; φij represents a 
counterclockwise rotation around the new yij axis, which was rotated by ωij; κij represents a 
counterclockwise rotation around the new zij axis, which was rotated by ωij and then φij; for 
details, see (Franceschini et al., 2014).  
[ ]T
ijijij
ZYX 000 ,,  are the coordinates of the origin of oijxijyijzij, in the global coordinate system 
OXYZ. 
The (six) location/orientation parameters related to each ij-th sensor (i.e., 
ijijij
ZYX 000 ,, , ωij, 
φij, κij) are treated as known parameters, since they are measured in an initial calibration process. 
This process, which may vary depending on the specific technology of the individual measuring 
systems, generally includes multiple measurements of calibrated artefacts, within the 
measurement volume (Bai et al, 2014). 
The above considerations apply to both distributed and centralized LVM systems. For the latter 
systems, sensors are rigidly connected (e.g., consider a photogrammetric tracking bar with three 
cameras, such as the OptiTrack V120-TRIOTM), so there is an additional link (i.e., the so-called 
rigid-body constraint) between the sensors’ position vectors (
ij0X ) and the relevant Rij 
matrices. 
Focusing the attention on the probe, the point to be localized is P = [XP, YP, ZP]T, which 
coincides with the centre of the spherical tip of a probe with a number of targets (T1, T2, … , Tk, 
…), e.g., three in the representation in Fig. A.1. The general position of the k-th target is 
Tk = [Xk, Yk, Zk]T. In addition, the probe has a local Cartesian coordinate system oPxPyPzP, for 
convenience centred with respect to the probe tip (oP = P, see Fig. A.2). A general 
transformation between the coordinates of a generic point referred to oPxPyPzP  (i.e., [x, y, z]T) 
and those referred to the global coordinate system  (i.e., [X, Y, Z]T) is: 

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

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

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
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PR , (A3) 
where 



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
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


⋅⋅⋅+⋅⋅⋅−⋅
⋅−⋅⋅−⋅⋅⋅+⋅
⋅−⋅
=
PPPPPPPPPPPP
PPPPPPPPPPPP
PPPPP
φωκφωκωκφωκω
φωκφωκωκφωκω
φκφκφ
coscossinsincoscossincossincossinsin
cossinsinsinsincoscoscossinsinsincos
sinsincoscoscos
PR
is a rotation matrix, whose elements are functions of three rotation parameters ωP, φP and κP, 
which are analogous to the parameters ωij, φij and κij included in Eq. A2, but related to the axes 
xP, yP, zP instead of xij, yij, zij. [XP, YP, ZP]T are the coordinates of P, i.e., the origin of oPxPyPzP, in 
the global coordinate system OXYZ. 
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Assuming that the probe geometry is known (albeit with some uncertainty), for each k-th target 
we can define a position vector (xk, yk, zk) related to the tip P, referring to the local reference 
system oPxPyPzP. The coordinates xk, yk, zk should be interpreted as random variables related to 
the precision with which the various components of the probe (i.e., primary module, secondary 
ones and coupling systems) are manufactured and assembled together. Applying the 
rototranslation in Eq. A3, we can switch from the coordinates of the k-th target in the local 
coordinate system (i.e., xk, yk, zk) to those in the global system (i.e., Xk, Yk, Zk), obtaining: 

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P
P
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k
k
P
k
k
k
Z
Y
X
z
y
x
Z
Y
X
R . (A4) 
We notice that the relationship in Eq. A4 includes six parameters related to the position of the 
probe tip and those related to the orientation of the probe itself, which are the unknown 
parameters of the problem: XP, YP,  ZP, ωP, φP, κ P. 
The probe-localization problem can be decomposed by considering (i) distance sensors, (ii) 
angular sensors, and (iii) integrated sensors separately, as discussed in Sects. A.1, A.2 and A.3 
respectively. 
T3 ≡ (x3, y3, z3) ≡ (X3, Y3, Z3) 
T2 ≡ (x2, y2, z2) ≡ (X2, Y2, Z2) 
T1 ≡ (x1, y1, z1) ≡ (X1, Y1, Z1) 
Y 
Z 
X 
O 
global coordinate 
system 
tip 
multi-target probe 
local coordinate 
system 
xP oP ≡ P ≡ (0, 0, 0) ≡ (XP, YP, ZP) 
yP 
zP 
 
Fig. A.2. Schematic representation of the local coordinate system of the multi-target probe (oPxPyPzP) and the 
global one (OXYZ). The coordinates of the points representing the probe tip and targets can be referred to the 
local coordinate system, oPxPyPzP, and the global one, OXYZ. 
A.1 Distance sensors 
From the local perspective of a generic ij-th distance sensor, the distance between the k-th target 
Tk = [Xk, Yk, Zk]T and a local observation point – which we assume as coincident with the origin 
oij = [ ijX 0 , ijY0 , ijZ0 ]
T
 of the local coordinate system oijxijyijzij – can be calculated as (see Fig. 
A.3): 
( ) ( ) ( )202020 ijijij ZZYYXXd kkkijk −+−+−= . (A5) 
Eq. A5 can be reformulated as a function of the probe-tip coordinates (XP, YP, ZP) and its 
orientation angles (ωP, φP, κ P), instead of Xk, Yk, Zk, applying the transformation in Eq. A4. Of 
course, the resulting equation – ( )Xijkd  – is not linear with respect to the unknown parameters 
of the problem, grouped in the vector X = [XP, YP,  ZP, ωP, φP, κP]T. However, a linearization can 
be obtained through a first order Taylor expansion with respect to the parameters contained in 
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X, considering some 
T
PPPPPP ZYX 



= κφω ˆˆ,ˆˆ,ˆˆ,ˆˆ,ˆˆ,ˆˆˆˆX  values(1) reasonably close to them. This 
operation can be (at least partly) automated, using the Matlab's symbolic-calculation function 
"functionalDerivative". 
ijy
ijz
ijkϕ
ijkθ
Tk (xijk, yijk, zijk)
ijo
ijx
sensor sij 
Tk’ 
ijkd
 
Fig. A.3. For a generic sensor (sij), a distance (dijk) and two angles – i.e., θijk (azimuth) and ϕijk (elevation) – are 
subtended by a line joining the k-th target (Tk) and the origin (oij) of the local coordinate system oijxijyijzij. 
The resulting equation can be linearized and expressed in matrix form as: 
0=−⋅ distij
dist
ij BXA ,  (A6) 
where [ ]distdistdistdistdistdistdistij aaaaaa 654321 ,,,,,=A , being 
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1
 The “double-hat” symbol “  ˆˆ ” indicates that a vector “close” to X can be obtained through a rough 
estimate of Xˆ , i.e., the (final) estimate of X itself. We will illustrate how to determine Xˆˆ  later. 
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dist zyxXXa
ij
φφκφκ  
,
ˆ
ˆcosˆˆsinˆˆsinˆˆsinˆˆsinˆˆcosˆˆcosˆˆsinˆˆsinˆˆcosˆˆsinˆˆcosˆˆ2 05 

















−





−+




 ++−= PPkPPPPPkPPPPPkP
dist zyxYYa
ij
φωφωκκωφωκκω  
,
ˆ
ˆcosˆˆcos
ˆ
ˆsinˆˆcosˆˆsinˆˆcosˆˆsinˆˆsinˆˆcosˆˆcosˆˆsinˆˆsinˆˆ2 06 
















+




 ++





−+−= PPkPPPPPkPPPPPkP
dist zyxZZa
ij
φωφωκκωφωκκω  
and 





−= XXAB ˆˆˆˆ* ijk
dist
ij
dist
ij d , being 
.
ˆ
ˆ
ˆcosˆˆsinˆˆsinˆˆsinˆˆsinˆˆcosˆˆcosˆˆsinˆˆsinˆˆcosˆˆsinˆˆcosˆˆ
ˆ
ˆcosˆˆcos
ˆ
ˆsinˆˆcosˆˆsinˆˆcosˆˆsinˆˆsinˆˆcosˆˆcosˆˆsinˆˆsinˆˆ
ˆ
ˆsinˆˆcosˆˆsinˆˆcosˆˆcosˆˆˆˆ
2
2
0
2
0
2
0
ijk
PPkPPPPPkPPPPPkP
PPkPPPPPkPPPPPkP
PkPPkPPkPijk
d
zyxYY
zyxZZ
zyxXXd
ij
ij
ij
−
+











−





−+




 ++−+
+










+




 ++





−+−+
+




 +−+−=





φωφωκκωφωκκω
φωφωκκωφωκκω
φφκφκX
 
A.2 Angular sensors 
From the local perspective of a generic ij-th angular sensor, two angles – i.e., θijk (azimuth) and 
ϕijk (elevation) – are subtended by the line passing through the k-th target Tk and oij (see Fig. 
A.3). Precisely, θijk describes the inclination of segment oijTk with respect to the plane xijyij 
(with a positive sign when zijk > 0), while ϕijk describes the counterclockwise rotation of the 
projection (oijTk’) of oijTk on the xijyij plane, with respect to the xij axis. Referring to the local 
coordinate system of the ij-th sensor, the following relationships hold: 


 ≤≤−=





<<<
≤≤−≥
=
−
−
22
sin
2
3
2
then0if
22
then0if
tan
1
1
piϕpiϕ
piθpi
piθpi
θ
ijk
kij
ijk
ijk
ijkijk
ijkijk
ijk
ijk
ijk
To
z
x
x
x
y
. (A7) 
Given that: 
ijk
ijk
ijk θ
θ
θ
cos
sin
tan =  (A8) 
and 
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ijkijk
ijk
ijk
ijkijk
ijk
kij
kij
xxTo
To
ϕθϕ
θ
ϕ coscoscos
cos
cos
'
⋅
=== , (A9) 
Eq. A7 can be reformulated as: 




=⋅⋅−⋅
=⋅−⋅
0coscossin
0cossin
ijkijkijkijkijk
ijkijkijkijk
zx
yx
ϕθϕ
θθ
. (A10) 
We remark that the above two equations are coupled with respect to the two angles ϕijk and θijk, 
which means that they can be used only if the angular sensor is able to measure both angles 
simultaneously. In theory, these two equations could be decoupled, but this would unnecessarily 
complicate their formulation without any practical reason: in fact, it is very unlikely that the 
same angular sensor are able to measure just one angle and not the other one (e.g., consider a 
photogrammetric camera or a R-LAT). 
The system in Eq. A10 can be expressed as a function of the global coordinates of point 
kT ≡ (Xk, Yk, Zk). Reversing Eq. A1, for switching from the sensor’s local coordinates to the 
global ones, and considering that Rij is orthonormal – therefore Tij
1
ij RR =
− (Hartley and 
Zisserman, 2003) – we obtain: 






















−










=






















−










=










−
ij
ij
ij
ij
ij
ij
Z
Y
X
Z
Y
X
Z
Y
X
Z
Y
X
z
y
x
k
k
k
T
k
k
k
k
k
k
0
0
0
0
0
0
1
ijij RR . (A11) 
Combining Eq. A11 and Eq. A10, the above system can be expressed as a function of the global 
coordinates of the k-th target (demonstration omitted). Next, by applying the transformation in 
Eq. A4, the system can be expressed as a function of the six unknown parameters contained in 
vector X = [XP, YP,  ZP, ωP, φP, κP]T. 
Obviously, the two resulting equations will not be linear with respect to the six (unknown) 
elements of X. A linearization can be obtaine  through a first order Taylor expansion of the two 
equations, with respect to the parameters contained in X, considering some 
T
PPPPPP
ˆ
ˆ,
ˆ
ˆ
,
ˆ
ˆ,Zˆˆ,Yˆˆ,Xˆˆˆˆ




= κφωX  values reasonably close to them. The resulting linearized system 
can be expressed in matrix form as: 
0BXA =−⋅ angij
ang
ij , (A12) 
where 






=
angangangangangang
angangangangangang
ang
ij
aaaaaa
aaaaaa
262524232221
161514131211A , being 
,
ˆ
ˆsinˆˆcosˆˆcosˆˆsinˆˆsin
ˆ
ˆsinˆˆsinˆˆcosˆˆsinˆˆcos
ˆsin
ˆ
ˆsinˆˆsinˆˆcosˆˆcosˆˆsin
ˆ
ˆsinˆˆsinˆˆsinˆˆcosˆˆcos
ˆcos
2
1
2
1
11

















 +−





 +
−

















 ++






−
=
c
c
c
c
a
PPPPP
PPPPP
ijk
PPPPP
PPPPP
ijk
ang
φκωκω
ωφκκω
θ
φκωκω
φκωκω
θ
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,
ˆ
ˆcosˆˆcos
ˆ
ˆsinˆˆcosˆˆcosˆˆsinˆˆsin
ˆ
ˆsinˆˆcosˆˆsinˆˆsinˆˆcos
ˆsin
ˆ
ˆcosˆˆsin
ˆ
ˆsinˆˆsinˆˆsinˆˆcosˆˆcos
ˆ
ˆsinˆˆsinˆˆcosˆˆcosˆˆsin
ˆcos
5
4
3
5
3
4
12
























−






−+





 +
+
























−





 ++





 +
−=
c
c
c
c
c
c
a
PP
PPPPP
PPPPP
ijk
PP
PPPPP
PPPPP
ijk
ang
φκ
φκωκω
φκωκω
θ
φκ
φκωκω
φκωκω
θ
 
,
ˆ
ˆcosˆˆcos
ˆ
ˆsinˆˆcosˆˆcosˆˆsinˆˆsin
ˆ
ˆsinˆˆcosˆˆsinˆˆsinˆˆcos
ˆsin
ˆ
ˆcosˆˆsin
ˆ
ˆsinˆˆsinˆˆsinˆˆcosˆˆcos
ˆ
ˆsinˆˆsinˆˆcosˆˆcosˆˆsin
ˆcos
8
6
7
8
7
6
13























+






−−





 +
+























+






−−





 +
=
c
c
c
c
c
c
a
PP
PPPPP
PPPPP
ijk
PP
PPPPP
PPPPP
ijk
ang
φκ
φκωκω
φκωκω
θ
φκ
φκωκω
φκωκω
θ
 
,
ˆ
ˆcosˆˆcosˆsinˆˆcosˆˆsinˆcos14 


+



= PPijkPPijk
ang
a φκθφκθ  
,
ˆ
ˆsinˆˆcosˆˆsinˆˆsinˆˆcosˆsinˆˆsinˆˆsinˆˆsinˆˆcosˆˆcosˆcos15 


 ++



−−= PPPPPijkPPPPPijk
ang
a φκωκωθφκωκωθ  
,
ˆ
ˆsinˆˆcosˆˆcosˆˆsinˆˆsinˆsinˆˆsinˆˆsinˆˆcosˆˆcosˆˆsinˆcos16 



−+


 +−= PPPPPijkPPPPPijk
ang
a φκωκωθφκωκωθ  
,
ˆ
ˆcosˆˆcosˆˆsinˆˆcosˆcosˆˆcos
ˆ
ˆsinˆˆcosˆˆcosˆˆsinˆˆsin
ˆ
ˆsinˆˆcosˆˆsinˆˆsinˆˆcos
ˆsin 21
2
1
21 










+





−


















−−





 +
−= cc
c
c
a PPPPijkijk
PPPPP
PPPPP
ijk
ang φωωφθφ
φκωκω
φκωκω
ϕ
 
,
ˆ
ˆcosˆˆsinˆˆcosˆˆcosˆˆsinˆcosˆcos
ˆ
ˆcosˆˆcos
ˆ
ˆsinˆˆcosˆˆcosˆˆsinˆˆsin
ˆ
ˆsinˆˆcosˆˆsinˆˆsinˆˆcos
ˆsin 345
5
4
3
22 










+





−




+
























−






−+





 +
= ccc
c
c
c
a PPPPPijkijk
PP
PPPPP
PPPPP
ijk
ang φωφωφθϕ
φκ
φκωκω
φκωκω
ϕ
 
,
ˆ
ˆcosˆˆsinˆˆcosˆˆcosˆˆsinˆcosˆcos
ˆ
ˆcosˆˆcos
ˆ
ˆsinˆˆcosˆˆcosˆˆsinˆˆsin
ˆ
ˆsinˆˆcosˆˆsinˆˆsinˆˆcos
ˆsin 768
8
6
7
23 










+




+





−+























+






−−





 +
= ccc
c
c
c
a PPPPPijkijk
PP
PPPPP
PPPPP
ijk
ang φωφωφθϕ
φκ
φκωκω
φκωκω
ϕ
, 
,
ˆ
ˆsinˆcosˆcosˆˆcosˆˆcosˆsin24 PijkijkPPijk
ang
a φθϕφκϕ −=
,
ˆ
ˆsinˆˆcosˆcosˆcosˆˆsinˆˆcosˆˆsinˆˆsinˆˆcosˆsin25 




+





−= PPijkijkPPPPPijk
ang
a ωφθϕφκωκωϕ
,
ˆ
ˆcos
ˆ
ˆcosˆcosˆcos
ˆ
ˆsinˆˆcosˆˆcosˆˆsinˆˆsinˆsin26 





−





−= PPijkijkPPPPPijk
ang
a ωφθϕφκωκωϕ   
in which the parameters c1 to c8 are respectively: 
,
ˆ
ˆcosˆˆcos
ˆ
ˆsinˆˆcosˆˆsinˆˆcosˆˆsinˆˆsinˆˆcosˆˆcosˆˆsinˆˆsin1 




+




 ++





−= PPkPPPPPkPPPPPk zyxc φωφωκκωφωκκω
,
ˆ
ˆcosˆˆsinˆˆsinˆˆsinˆˆsinˆˆcosˆˆcosˆˆsinˆˆsinˆˆcosˆˆsinˆˆcos2 





−





−+




 += PPkPPPPPkPPPPPk zyxc φωφωκκωφωκκω
,
ˆ
ˆsinˆˆsinˆˆcosˆˆsinˆˆcosˆˆsinˆˆsinˆˆsinˆˆcosˆˆcos3 




 +−





−= PPPPPkPPPPPk yxc φωκκωφωκκω
,
ˆ
ˆsinˆˆsinˆˆcosˆˆsinˆˆcosˆˆsinˆˆcosˆˆsinˆˆcosˆˆsin4 




 +−




 += PPPPPkPPPPPk yxc φωκκωφωκκω
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,
ˆ
ˆcosˆˆcos
ˆ
ˆcosˆˆsin5 




+





= PPkPPk yxc φκφκ ,ˆˆsinˆˆcosˆˆcosˆˆsinˆˆcosˆˆcosˆˆcosˆˆcos6 




+





−





= PPkPPPkPPPk zyxc φωφκωφκω
,
ˆ
ˆsinˆˆsinˆˆcosˆˆsinˆˆsinˆˆcosˆˆcosˆˆsin7 




+





−





= PPkPPPkPPPk zyxc φωφκωφκω





+




+





−= PkPPkPPk zyxc φφκφκ ˆˆcosˆˆsinˆˆsinˆˆsinˆˆcos8 , ,
ˆ
ˆsinˆˆcosˆˆsinˆˆcosˆˆcos9 PkPPkPPk zyxc φφκφκ +





−





=
 
and 





+=
ang
ang
ang
ij
ang
ij b
b
2
1ˆˆ* XAB , with 
+









































































 +−+−





−
+




























−
+





−+
+




 ++
+−






−+
+



























+
+




 ++
+





−+
+−





 +
=
PkPPkPPkPPP
PPk
PPPPPk
PPPPPk
P
PPPPP
PPk
PPPPPk
PPPPPk
P
PPPPP
ijk
ang
zyxXX
z
y
x
YY
z
y
x
ZZ
b
ij
ij
ij
φφκφκφκ
φω
φωκκω
φωκκω
φκωκω
φω
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It can be noticed that the matrix expression in Eq. A12 is similar to the one related to distance 
sensors (in Eq. A6). However, the latter encapsulates a single equation while the former 
encapsulates two equations.  
A.3 Integrated sensors 
The (inertial) integrated probe sensors (i.e., two-axis inclinometer and compass) may contribute 
to estimate the three orientation angles of the probe (i.e., ωP, φP and κP), although not directly. 
Precisely, these integrated sensors perform angular measurements referring to a ground-
referenced coordinate system (OIXIYIZI), with arbitrary origin (OI), ZI axis coinciding with the 
vertical to the ground plane, and XI axis pointing toward the magnetic north. 
The two reference systems OIXIYIZI and OXYZ are fixed in the 3D space and linked by a 
rototranslation; Roff is the relevant rotation matrix, whose elements are functions of the three 
rotation angles ωoff, φoff and κoff, representing the rotation of OIXIYIZI with respect to OXYZ (see 
the schematic representation in Fig. A.4). 
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integrated sensors 
global coordinate 
system 
oP xP 
yP 
zP 
earth-referenced 
coordinate system 
ZI 
YI 
XI 
 
Y 
Z 
X O 
tip 
local coordinate 
system 
 
Fig. A.4. Schematic representation of the (local) coordinate system, integral the multi-target probe (oPxPyPzP), 
and of two other (fixed) coordinate systems: the earth-referenced related to the integrated sensors (oIxIyIzI) 
and the global coordinate system (OXYZ). 
Assuming that the compass estimates the probe rotations (κΙ) around the vertical axis (ZI) and 
the two-axis inclinometer estimates the probe rotations (ωI and φI) with respect to the horizontal 
plan XIYI, RP can be expressed as: 
IoffP RRR ⋅= , (A13) 
where RI is another rotation matrix, whose elements are functions of the three rotation 
parameters ωI, φI and κI , measured by the probe’s integrated sensors (see the scheme in Fig. 
A.5). 
PR
offR
IR
global coordinate 
system 
oP xP 
yP 
zP 
earth-referenced 
coordinate system 
ZI 
YI 
XI 
 
Y 
Z 
X O 
local coordinate 
system 
INPUT: angles measured by the 
probe’s integrated sensors 
OUTPUT: probe’s orientation 
angles in OXYZ 
 
Fig. A.5. Schematic representation of the relationship in Eq. A13. 
Since Eq. A13 is a 3x3 matrix function, it can be reformulated as a vector, function of the three 
angles ωP, φP, κP: 
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. (A14) 
The nine relationships in Eq. A14 can be linearized (e.g., by a first order Taylor expansion, 
using the Matlab's symbolic-calculation function "functionalDerivative".) with respect to the six 
parameters in X and expressed in matrix form, according to the following linearized model: 
0BXA =−⋅ intint ijij , (A15) 
being  




















=
intintintintintintintintint
intintintintintintintintint
intintintintintintintintint
intintintintintintintintint
intintintintintintintintint
intintintintintintintintint
int
ij
aaaaaaaaa
aaaaaaaaa
aaaaaaaaa
aaaaaaaaa
aaaaaaaaa
aaaaaaaaa
696867666564636261
595857565554535251
494847464544434241
393837363534333231
292827262524232221
191817161514131211
A  , (A16) 
where
,011 =
int
a  
,
ˆ
ˆsinˆˆcos12 PP
inta κφ−=  
,
ˆ
ˆcos
ˆ
ˆsin13 PP
int
a κφ−=  
,014 =
int
a  
,015 =
int
a  
,016 =
int
a  
,
ˆ
ˆsinˆˆsinˆˆsinˆˆcosˆˆcos21 PPPPP
inta ωκφωκ −=
,
ˆ
ˆsinˆˆsinˆˆsinˆˆcosˆˆcos22 PPPPP
inta ωκφωκ −=
,
ˆ
ˆsinˆˆcosˆˆcos23 PPP
int
a ωφκ=  
,024 =
int
a  
,025 =
int
a  
,026 =
int
a  
,
ˆ
ˆsinˆˆcosˆˆsinˆˆcosˆˆsin31 PPPPP
int
a ωκφωκ +=
,
ˆ
ˆcosˆˆsinˆˆsinˆˆsinˆˆcos32 PPPPP
int
a ωκφωκ +=
,
ˆ
ˆcosˆˆcosˆˆcos33 PPP
int
a φωκ−=  
,034 =
int
a  
,035 =
int
a  
,036 =
int
a  
,041 =
int
a  
,
ˆ
ˆcosˆˆcos42 PP
inta φκ−=  
,
ˆ
ˆsinˆˆsin43 PP
int
a φκ=  
,044 =
int
a  
,045 =
int
a  
,046 =
int
a  
,
ˆ
ˆcosˆˆsinˆˆsinˆˆsinˆˆcos51 PPPPP
int
a ωκφωκ −−=
,
ˆ
ˆsinˆˆcosˆˆsinˆˆcosˆˆsin52 PPPPP
int
a ωκφωκ −−=
,
ˆ
ˆsinˆˆsinˆˆcos53 PPP
int
a ωκφ−=  
,054 =
int
a  
,055 =
int
a  
,056 =
int
a  
,
ˆ
ˆsinˆˆsinˆˆsinˆˆcosˆˆcos61 PPPPP
int
a ωκφωκ −=
,
ˆ
ˆsinˆˆsinˆˆsinˆˆcosˆˆcos62 PPPPP
int
a ωκφωκ −=
,
ˆ
ˆcosˆˆcosˆˆsin63 PPP
int
a φωκ=  
,064 =
int
a  
,065 =
int
a  
,066 =
int
a  
,071 =
int
a  
,
ˆ
ˆcosˆˆsin72 PP
int
a φκ−=  
,
ˆ
ˆsinˆˆcos73 PP
int
a φκ−=  
,074 =
int
a  
,075 =
int
a  
,076 =
int
a  
,
ˆ
ˆsinˆˆsinˆˆsinˆˆcosˆˆcos81 PPPPP
int
a ωκφωκ −=
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,
ˆ
ˆsinˆˆsinˆˆsinˆˆcosˆˆcos82 PPPPP
int
a ωκφωκ −=
,
ˆ
ˆsinˆˆcosˆˆcos83 PPP
int
a ωφκ=  
,084 =
int
a  
,085 =
int
a  
,086 =
int
a  
,
ˆ
ˆsinˆˆcosˆˆsinˆˆcosˆˆsin91 PPPPP
int
a ωκφωκ +=
,
ˆ
ˆcosˆˆsinˆˆsinˆˆsinˆˆcos92 PPPPP
int
a ωκφωκ +=
,
ˆ
ˆcos
ˆ
ˆcosˆˆcos93 PPP
int
a ωφκ−=  
,094 =
int
a  
,095 =
int
a  
,096 =
int
a
and [ ]Tintintintintintintintintintintijintij bbbbbbbbb 987654321ˆˆ* += XAB , where 
offIoffIoffoffPPoff
int ddb φφκκκφφκφ ˆcosˆcosˆcosˆcosˆsinˆcosˆˆcosˆˆcosˆsin 181 +−−= , 
PPPIIoffoffPP
int ddddb φωκφκωφκω ˆˆsinˆˆsinˆˆcosˆcosˆcosˆsinˆcosˆˆsinˆˆcos 58312 −+−−= , 
PPPIIoffoffPP
int ddddb φωκφκωφκω ˆˆsinˆˆcosˆˆcosˆcosˆcosˆcosˆcosˆˆsinˆˆsin 68413 +++−= ,  
offIoffIoffoffPPoff
int ddb φφκκκφφκφ ˆcosˆcosˆcosˆsinˆsinˆcosˆˆcosˆˆsinˆsin 274 −−+= ,  
PPPIIoffoffPP
int ddddb φκωφκωφκω ˆˆsinˆˆsinˆˆsinˆcosˆsinˆsinˆcosˆˆcosˆˆcos 57325 +−−−= ,  
PPPIIoffoffPP
int ddddb φκωφκωφκω ˆˆsinˆˆsinˆˆcosˆcosˆsinˆcosˆcosˆˆcosˆˆsin 67426 −−+−= ,  
offIoffIoffoffPPoff
int ddb φφκκκφφκφ ˆcosˆcosˆcosˆcosˆsinˆcosˆˆcosˆˆcosˆsin 187 +−−= ,  
PPPIIoffoffPP
int ddddb φκωφκωφκω ˆˆsinˆˆcosˆˆsinˆcosˆcosˆsinˆcosˆˆsinˆˆcos 58318 −+−−= ,  
PPPIIoffoffPP
int ddddb φκωφκωφκω ˆˆsinˆˆcosˆˆcosˆcosˆcosˆcosˆcosˆˆsinˆˆsin 68419 +++−= ,  
and 
( )IIIIId φωκωκ ˆsinˆsinˆcosˆcosˆsin1 += , ( )IIIIId φωκωκ ˆsinˆsinˆsinˆcosˆcos2 −= , ( )offoffoffoffoffd φωκωκ ˆsinˆsinˆsinˆcosˆcos3 −= , 
( )offoffoffoffoffd φωκωκ ˆsinˆcosˆsinˆsinˆcos4 += , ( )offoffoffoffoffd φωκωκ ˆsinˆsinˆcosˆcosˆsin5 += ,
( )offoffoffoffoffd φωκωκ ˆsinˆcosˆcosˆsinˆsin6 −= , ( )IIIIId φωκωκ ˆsinˆcosˆsinˆsinˆcos7 += , ( )IIIIId φωκωκ ˆsinˆcosˆcosˆsinˆsin8 −= ,  
Iωˆ , Iφˆ , Iκˆ  and offωˆ , offφˆ , offκˆ  being respectively the estimates of the angles Iω , Iφ , Iκ  and 
offω , offφ , offκ . 
A.4 Weighting and solution 
Considering a generic combination of LVM systems equipped with distance and/or angular 
sensors, and a probe with multiple targets and integrated sensors (inclinometer and compass), 
the resulting linearized target-localization model is: 
0
B
B
B
X
A
A
A
BXA =










−⋅










=−⋅
int
ang
dist
int
ang
dist
, (A17) 
where blocks Adist, Aang, Bdist and Bang are defined as: 
distIijk
dist
ijk
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∈



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
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=
M
M
AA , 
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ang
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∈

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M
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dist
∈
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M
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BB , 
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where Idist and Iang are the sets of index-pair values (ijk) relating to the ij-th distance/angular 
sensors seeing the k-th target. 
All the equations of the system in Eq. A17 are referenced to the global Cartesian coordinate 
system, OXYZ. As seen before, these equations include the roto-translation transformations to 
switch from other reference systems – e.g., the local reference system related to each distributed 
sensor (oijxijyijzij), that one related to the probe (oPxPyPzP), or the ground-referenced system 
related to the integrated probe sensors – to OXYZ. In summary, the variables that appear in the 
system in Eq. A17 can be grouped into two families, i.e., known and unknown, as shown in Fig. 
A.6. 
 Known variables 
• Spatial position 
ijijij
ZYX 000 ,,  and orientation ωij, φij, κij of the ij-th distributed sensor; these data may result from initial 
calibration/alignment processes; 
• Relative position xk, yk, zk of the k-th probe target with respect to the tip; these data may result form an initial probe-calibration 
process.  
• Rotations ωoff, φ off, κ off of the earth-referenced system – related to the inertial sensors integrated into the probe – with respect to 
OXYZ; these data may result from an initial calibration process; 
• Distance dijk and/or angular ϕijk, θijk measurements between the ij-th sensor and the k-th probe target; these data are captured in 
each probe localization. 
• Local angular measurements ωI, φI, κI of the inertial sensors integrated into the probe; these data are captured in each probe 
localization. 
Unknown variables 
• Spatial position XP, YP, ZP and orientation ωP, φP, κP of the probe, which represent the output of the probe-localization problem. 
 
Fig. A.6. Summary of (known and unknown) variables in a generic probe-localization problem. 
The system in Eq. 17 can be solved when at least six (independent) equations are available (e.g., 
one target is seen by at least two distance sensors, while two other targets are seen by at least 
one angular sensor). Since this system is generally overdefined (more equations than unknown 
parameters), there are several possible solution approaches, ranging from those based on the 
iterative minimization of a suitable error function (Franceschini et al., 2014) to those based on 
the Least Squares method (Wolberg, 2005). 
It is worth remarking that the equations of the system may differently contribute to the 
uncertainty in the localization of the probe. Specifically, the main factors affecting this 
uncertainty are: 
• Uncertainty in the position/orientation of the distributed sensors (
ijijij
ZYX 000 ˆ ,ˆ ,ˆ , ijωˆ , ijφˆ , 
ijκˆ ) and uncertainty in the mutual orientation of OIXIYIZI and OXYZ (i.e., offωˆ , offφˆ , offκˆ ), 
resulting from initial calibration process(es); 
• Uncertainty in the local measurements ( ijkdˆ , ijkθˆ  and ijkϕˆ ) by the distributed sensors, which 
generally depends on their metrological characteristics; 
• Relative position between each probe target (Tk) and each ij-th distributed sensor; e.g., 
assuming that the uncertainty in angular measurements is fixed, the uncertainty in the 
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localization of P will tend to increase proportionally to the distance between Tk and the 
angular sensors (Maisano and Mastrogiacomo, 2016). 
• Uncertainty in the measurements ( Iωˆ , Iφˆ  and Iκˆ ) by the probe’s integrated sensors, which 
depends on their metrological characteristics. 
• Uncertainty in the relative position of the probe targets ( kxˆ , kyˆ  and kzˆ ), with respect to the 
probe tip (P). 
For the above reasons, the sensors that mostly contribute to uncertainty in the localization of P 
are the less accurate and/or the more distant from P. 
Returning to the system in Eq. A17, it would be appropriate to solve it, giving greater weight to 
the contributions from equations that produce less uncertainty and vice versa. To this purpose, 
an elegant and practical method is that of the Generalized Least Squares (GLS) (Kariya and 
Kurata, 2004), in which a weight matrix (W), which takes into account the uncertainty produced 
by the equations of the system, is defined. One of the more practical ways to define W is 
applying the Multivariate Law of Propagation of Uncertainty (MLPU) to the system in Eq. 
A17, referring to the parameters affected by uncertainty (Hall, 2004), which are collected in a 
vector ξ: 


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
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

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


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
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












=










=
meas
int
calibr
int
meas
ang
calibr
ang
meas
dist
calibr
dist
int
ang
dist
ξ
ξ
ξ
ξ
ξ
ξ
ξ
ξ
ξ
ξ . (A18) 
Precisely, the calibration parameters of the distributed sensors (involved in the measurement) 
are contained into the sub-vectors calibrdistξ and 
calibr
angξ , referring to distance and angular 
measurements respectively, while those of the integrated sensors are contained into calibrintξ . On 
the other hand, the local measurements by distributed sensors are contained in the sub-vectors 
meas
distξ  and 
meas
angξ  (for distance and angular sensors respectively); similarly, the measurements by 
integrated sensors are included in the sub-vector measintξ . More in detail: 
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W can be determined propagating the uncertainty of the equations in Eq. A17 with respect to the 
elements in ξ,: 
[ ] 1−⋅∑⋅= JJW ξT . (A19) 
This operation can be (at least partly) automated, using the Matlab's symbolic-calculation 
function "functionalDerivative". 
Focusing the attention on the elements in the second member of Eq. A19, J is the Jacobian 
(block-diagonal) matrix containing the partial derivatives of the elements of the equations in the 
first member of Eq. A17 with respect to the elements in ξ: 










=
int
ang
dist
J00
0J0
00J
J , (A20) 
where, 
distIijk
dist
ijk
dist
∈










=
O
O
0
J
0
J , 
angIijk
ang
ijk
ang
∈










=
O
O
0
J
0
J .  
dist
ijkJ  is defined as the Jacobian matrix containing the partial derivatives of the elements of the 
equations in the first member of Eq. A17 with respect to the elements in distξ : 
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[ ]distdistdistdistdistdistdistdistdistdistdistijk jjjjjjjjjj 10987654321=J , (A21) 
where 
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ˆ
ˆ
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( ) ( ) ( )( )
( ) ( ) ( )( )
( ) ( ) ( )( ) ,
ˆ
ˆcosˆˆcosˆcosˆsin
ˆcosˆsinˆsinˆsinˆcosˆˆcosˆˆsinˆˆcosˆˆsinˆˆsin
ˆsinˆsinˆsinˆcosˆcosˆˆsinˆˆsinˆˆcosˆˆcosˆˆsin
)ˆcos(
ˆ
ˆcosˆˆcosˆcosˆcos
ˆcosˆsinˆcosˆsinˆsinˆˆcosˆˆsinˆˆcosˆˆsinˆˆsin
ˆsinˆsinˆcosˆcosˆsinˆˆsinˆˆsinˆˆcosˆˆcosˆˆsin
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( ) ( ) ( )( )
( ) ( ) ( )( )
( ) ( ) ( )( )
( ) ( ) ( )( ) ,
ˆ
ˆcosˆˆsinˆcosˆsin
ˆsinˆsinˆsinˆcosˆcosˆˆsinˆˆsinˆˆsinˆˆcosˆˆcos
ˆcosˆsinˆsinˆsinˆcosˆˆcosˆˆsinˆˆsinˆˆsinˆˆcos
)ˆcos(
ˆ
ˆcosˆˆsinˆcosˆcos
ˆcosˆsinˆcosˆcosˆsinˆˆsinˆˆsinˆˆsinˆˆcosˆˆcos
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( ) ( )( )
( )
( ) ( )( )
( ) ,
ˆ
ˆsinˆcosˆcos
ˆsinˆsinˆcosˆcosˆsinˆˆcosˆˆsin
ˆcosˆsinˆcosˆsinˆsinˆˆcosˆˆcos
)ˆsin(
ˆ
ˆsinˆsinˆcos
ˆcosˆsinˆsinˆsinˆcosˆˆcosˆˆcos
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)ˆcos(19
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( ) ( ) ( ) ( )
( )
( ) ( ) ( ) ( )
( ) ,ˆˆˆcosˆsin
ˆ
ˆ
ˆsinˆsinˆsinˆcosˆcosˆˆˆcosˆsinˆsinˆsinˆcos
)ˆsin(
ˆ
ˆˆcosˆcos
ˆ
ˆ
ˆsinˆsinˆcosˆcosˆsinˆˆˆcosˆsinˆcosˆsinˆsin
)ˆcos(
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,0111 =
angj  
,ˆsinˆcosˆcosˆcosˆcosˆsin21 ijkijijijkijkij
angj ϕφκϕθφ −=   
( ) ,ˆcosˆcosˆsinˆcosˆsinˆsinˆcosˆsinˆcosˆsin22 ijkijkijijijijijijijijkangj θϕωφωφκκωϕ −+−=  ( ),ˆcosˆsinˆcosˆsinˆsinˆsinˆcosˆcosˆcosˆcos23 ijijijijijijkijijijkijkangj ωφκκωϕωφθϕ −−=
( )
( )
( )
( )
( )
( )
,
ˆ
ˆ
ˆsinˆsin
ˆ
ˆ
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ˆ
ˆˆcos
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ˆ
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ˆ
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( ) ,ˆˆˆsinˆcos
ˆ
ˆ
ˆcosˆcos
ˆcosˆcos
ˆ
ˆˆsinˆcosˆcosˆsinˆsin
ˆ
ˆˆsinˆcosˆsinˆcosˆsin
ˆsin
10
20
20
10
26

















 +−−
+




 +−
+

















 +−−−
+




 +−+
=
cZZ
cYY
cYY
cZZ
j
ij
ij
ij
ij
Pijij
Pijij
ijkijk
Pijijijijij
Pijijijijij
ijk
ang
ωφ
ωφ
θϕ
φωκωκ
φκωωκ
ϕ
( )
( )
( )
( )
( )
,
ˆ
ˆsinˆˆsinˆˆcosˆˆcosˆˆsinˆsinˆcos
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Jint is defined as the Jacobian matrix containing the partial derivatives of the elements of the 
equations in the first member of Eq. A17 with respect to the elements in intξ : 
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,
9691
21
161211














=
intint
int
intintint
int
ijk
jj
j
jjj
M
O
L
J  
where 
,
ˆcosˆsinˆsinˆsinˆcosˆcosˆcos 8111 ddj offoffoffoffIoffIint φφκφφκκ −−=  
,ˆsinˆcosˆcosˆcosˆcosˆcos 112 offoffIIoffoff
int dj κφφκφκ +=  
,013 =
intj  
,ˆsinˆsinˆcosˆcosˆcosˆsinˆcosˆcosˆcosˆsinˆcosˆcosˆcos14 IoffoffIIoffIIIIoffoffI
intj ωκφφκφφωκφφκκ ++=
,ˆsinˆcosˆcosˆcosˆsinˆsinˆcos 7215 IoffIoffoffoffoff
int ddj κφφκφκφ +−=  
,ˆsinˆcosˆsin 8116 ddj offoffoffint κφφ −−=  
,ˆsinˆcosˆcosˆcosˆcosˆsinˆsinˆsinˆsinˆcos 8121 offoffIIoffoffoffoffoffoff
int ddj ωφφκκφωωκφ −−=  
,
ˆcosˆcos 35122 dddj IIint φκ−=  
,
ˆcosˆcosˆcosˆcos 864123 ddddj offoffIIint φωφκ ++=  
,ˆsinˆcosˆcosˆcosˆcosˆsinˆsinˆcosˆsinˆcos 3524 offoffIIIIIIII
int ddj ωφφωκωφκφκ −−=  
,ˆsinˆcosˆsinˆcos 732525 ddddj offoffIIint ωφκφ +−=  
,ˆsinˆcos 13826 dddj offoffint ωφ+=  
,
ˆcosˆcosˆcosˆcosˆcosˆsinˆcosˆcosˆsinˆcos 1831 offIoffoffIoffoffoffoffoff
int ddj φφωκκκφωφω +−=  
,
ˆcosˆcos 46132 dddj IIint φκ−=  
315833
ˆcosˆcosˆsinˆcos ddddj IIoffoffint −−= φκωφ  
offIoffIIIIIII
int ddj φφωωκωφκφκ ˆcosˆcosˆcosˆcosˆcosˆsinˆcosˆcosˆsinˆcos 4634 +−=  
,
ˆcosˆcosˆsinˆcos 427635 ddddj offoffIIint −−= φωκφ  
,
ˆcosˆcos 14836 dddj offoffint φω−=  
offIIoffoffoffoff
int ddj φκφκφκφ ˆsinˆsinˆcosˆcosˆsinˆsinˆcos 2741 −−−=  
,ˆsinˆsinˆcosˆcosˆcosˆcos 242 offIoffIoffoff
int dj κκφφφκ −=  
,043 =
intj  
,ˆsinˆsinˆsinˆcosˆcosˆsinˆsinˆcosˆcosˆsinˆsinˆcosˆcos44 IoffIoffIoffIIIIIoffoff
intj ωκκφφφκφωφκφκ −−−=  
,
ˆcosˆcosˆcosˆcosˆsinˆcosˆsin 1845 offIoffIoffoffoff
int ddj φφκκκφφ +−=  
,ˆsinˆcosˆsin 7246 ddj offoffoffint κφφ −−=  
,ˆsinˆsinˆcosˆcosˆcosˆsinˆsinˆsinˆsinˆcos 7251 offIoffIoffoffoffoffoffoff
int ddj ωκφφκφωωκφ +−=  
,ˆsinˆcos 35252 dddj IIint κφ+=  
,ˆsinˆcosˆcosˆcos 674253 ddddj IIoffoffint κφφω −+=  
,ˆsinˆsinˆcosˆcosˆcosˆsinˆsinˆsinˆsinˆcos 5354 offIoffIIIIIII
int ddj ωκφφωφκωκφ +−=  
,ˆsinˆcosˆcosˆcos 853155 ddddj offoffIIint ωφφκ −+=  
,ˆsinˆcos 27356 dddj offoffint ωφ+=  
,ˆsinˆcosˆcosˆcosˆcosˆsinˆcosˆcosˆsinˆcos 2761 IoffIoffoffoffoffoffoffoff
int ddj κφφωκκφωφω −−=  
,ˆsinˆcos 46262 dddj IIint κφ+=  
,ˆsinˆcosˆsinˆcos 732563 ddddj offoffIIint ωφκφ +−=  
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,ˆsinˆcosˆcosˆcosˆcosˆsinˆsinˆsinˆsinˆcos 6464 IoffIoffIIIIII
int ddj κφφωωφκωκφ −−=  
,
ˆcosˆcosˆcosˆcos 864165 ddddj offoffIIint φωκφ ++=  
,
ˆcosˆcos 24766 dddj offoffint φω−=  
,
ˆsinˆsinˆsinˆsinˆcosˆcosˆcos 8171 ddj offoffoffoffIoffIint φφκφφκκ −−=  
,ˆsinˆcosˆcosˆcosˆcosˆcos 172 offoffIIoffoff
int dj κφφκφκ +=  
,073 =
intj  
,ˆsinˆsinˆcosˆcosˆcosˆsinˆcosˆcosˆcosˆcosˆsinˆcosˆcos74 IoffoffIIoffIIIoffIoffI
intj ωκφφκφφωκφφκκ ++=
,ˆsinˆcosˆcosˆcosˆsinˆsinˆcos 7275 IoffIoffoffoffoff
int ddj κφφκφκφ +−=  
,ˆsinˆcosˆsin 8176 ddj offoffoffint κφφ −−=  
,ˆsinˆcosˆcosˆcosˆcosˆsinˆsinˆsinˆsinˆcos 8181 offoffIoffIoffoffoffoffoff
int ddj ωφφκκφωωκφ −−=  
,
ˆcosˆcos 35182 dddj IIint φκ−=  
,
ˆcosˆcosˆcosˆcos 864183 ddddj offoffIIint φωφκ ++=  
,ˆsinˆcosˆcosˆcosˆcosˆsinˆcosˆcosˆsinˆcos 3584 offoffIIIIIIII
int ddj ωφφωκωφκφκ −−=  
,ˆsinˆcosˆsinˆcos 732585 ddddj offoffIIint ωφκφ +−=  
,ˆsinˆcos 13886 dddj offoffint ωφ+=  
,
ˆcosˆcosˆcosˆcosˆcosˆsinˆcosˆcosˆsinˆcos 1891 offIoffoffIoffoffoffoffoff
int ddj φφωκκκφωφω +−=  
,
ˆcosˆcos 41692 dddj IIint φκ−=  
,
ˆcosˆcosˆsinˆcos 135893 ddddj IIoffoffint −−= φκωφ  
,
ˆcosˆcosˆcosˆcosˆcosˆsinˆcosˆcosˆsinˆcos 4694 offIoffIIIIIII
int ddj φφωωκωφκφκ +−=  
,
ˆcosˆcosˆcosˆcos 427695 ddddj offoffIIint −−= φωκφ  
.
ˆcosˆcos 14896 dddj offoffint φω−=  
Returning to the description of Eq. A19, Σξ is the covariance matrix of ξ, defined as:  
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. (A22) 
where blocks ( )
ijk
dist
ξ∑  and ( )ijkangξ∑  can in turn be split into other sub-blocks related to 
calibration and measurement parameters: 
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( )
( )
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ang
calib
ang
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 (A23) 
Σξ is therefore a block-diagonal matrix containing the (co)variances of the parameters in ξ. 
While the data related to the positioning/orientation of the sensors in use can be obtained from 
initial calibration process(es), those related to their local (angular and distance) measurements 
can be determined in other ways: e.g., (i) from manuals or technical documents relating to the 
distributed/integrated sensors in use, or (ii) estimated through ad hoc experimental tests.  
The off-diagonal entries in the blocks concerning local measurements are zeros, assuming no 
correlation between these parameters. This assumption is reasonable upon the hypothesis that 
sensors work independently from each other and there is no correlation between the local 
measurements related to different sensors. 
By applying the GLS method to the system in Eq. A17, we obtain the final estimate of X as: 
( ) BWAAWAX ⋅⋅⋅⋅⋅= − TT 1ˆ .  (A23) 
For further details on the GLS method, see (Kariya and Kurata, 2004). 
We emphasize that an (at least rough) initial estimate of X is required to define some elements 
of the matrices A, B and W (see Eqs. A6, A12, A19).  
This problem can be overcome applying the formula in Eq. A23 recursively: (i) setting no-
matter-what initial Xˆˆ , in order to determine the elements of matrices A, B and W, (ii) obtaining 
a not very accurate localization of P, and (iii) iterating the localization using the result of the 
previous one as a new Xˆˆ . We verified that the localization tends to converge to the correct 
solution after about four-five iterations. 
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Highlights 
• A new modular probe for Large-Volume Metrology (LVM) applications is described. 
• The probe enhances the measurement process when using combinations of LVM systems.  
• The probe can be customized depending on the combination of LVM systems in use. 
• A mathematical/statistical model for the real-time probe localization is presented. 
• The description is supported by realistic application examples. 
